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A multi-particle Brownian dynamics simulation algorithm with a Soddemann-Duenweg-Kremer
potential that accounts for pairwise excluded volume interactions between both backbone monomers
and associating groups (stickers) on a chain, is used to describe the static behaviour of associative
polymer solutions, across a range of concentrations into the semidilute unentangled regime. Predic-
tions for the fractions of stickers bound by intra-chain and inter-chain association, as a function of
system parameters such as the number of stickers on a chain, the number of backbone monomers be-
tween stickers, the solvent quality, and monomer concentration are obtained. A systematic compar-
ison between simulation results and scaling relations predicted by the mean-field theory of Dobrynin
(Macromolecules, 37, 3881, 2004) is carried out. Different regimes of scaling behaviour are identi-
fied by the theory depending on the monomer concentration, the density of stickers on a chain, and
whether the solvent quality for the backbone monomers corresponds to θ or good solvent conditions.
Simulation results validate the predictions of the mean-field theory across a wide range of parameter
values in all the scaling regimes, except for one regime corresponding to backbone monomers under
good solvent conditions at relatively high concentrations. The value of the des Cloizeaux exponent,
θ2 = 1/3, proposed by Dobrynin for sticky polymer solutions, is shown to lead to a collapse of
simulation data for all the scaling relations considered here. Three different signatures for the char-
acterisation of gelation are identified, with each leading to a different value of the concentration at
the sol-gel transition. The Flory-Stockmayer expression relating the degree of inter-chain conversion
at the sol-gel transition to the number of stickers on a chain is found not to be validated by simula-
tions, while an alternative expression is satisfied by all three gelation signatures. Simulation results
confirm the prediction of scaling theory for the gelation line that separates sol and gel phases, when
the revised Flory-Stockmayer expression is used. Phase separation is found to occur with increasing
concentration for systems in which the backbone monomers are under θ-solvent conditions, and is
shown to coincide with a breakdown in the predictions of scaling theory.
I. INTRODUCTION
Associative polymers, which are macromolecules with
attractive groups [1–3], are used in a wide variety of
applications because the interactions between the at-
tractive groups can be tuned by varying their number,
strength and location on the polymer, thereby providing
a means by which the physical properties of these solu-
tions can be exquisitely controlled. For instance, they
are widely used as rheology modifiers in the coating,
paint, water-treatment and enhanced oil-recovery indus-
tries, since their influence on solution viscosity can be
adjusted molecularly by varying the chemistry and geom-
etry of the associations, and macroscopically by changing
the temperature or concentration [4, 5]. At sufficiently
high concentrations, when the suspending medium is wa-
ter, associative polymers form hydrogels whose transient
viscoelastic networks have found numerous applications
as tissue engineering scaffolds [6], food thickeners [7],
drug delivery carriers, soft electronics, and sensors [8–
10]. Many of these uses involve the application of flow
fields that influence and control the formation and du-
ration of associations, and the evolution of the transient
network structures. A fundamental understanding of the
∗ ravi.jagadeeshan@monash.edu
nonequilibrium dynamics of physically associative poly-
mers is consequently essential for the rational design of
these systems. Successful formulation of associative poly-
mer systems for these various applications has largely
rested on using polymer chemistry to engineer innova-
tive polymers, followed by extensive experimental inves-
tigation to select the most suitable candidates. It is not
possible currently to specify a priori the particular macro-
molecular architecture, the precise number, strength and
location of the attractive groups, the appropriate solu-
tion temperature and concentration, and the particu-
lar flow conditions which would achieve optimal product
performance. Several computational studies have been
carried out aimed at making progress in this direction,
i.e., towards improving our understanding of the nonequi-
librium response of network structures, and deciphering
the connection between molecular topology and macro-
scopic behaviour, using a variety of different techniques
based on coarse-grained bead-spring chain models for
polymers [11–19]. In this work, we propose a novel alter-
native approach based on a muliti-particle Brownian dy-
namics simulation methodology that accounts for hydro-
dynamic interactions, and which can potentially capture
both static and dynamic properties at equilibrium, along
with the nonequilibrium rheological response of associa-
tive polymer solutions, across a range of concentrations
that span the dilute and unentangled semidilute regimes.
In order to validate the proposed simulation methodol-
ar
X
iv
:2
00
8.
05
64
1v
1 
 [c
on
d-
ma
t.s
of
t] 
 13
 A
ug
 20
20
2ogy, we report here the results of a detailed comparison
of its predictions of equilibrium static properties with
the analytical predictions of the seminal scaling theories
of Semenov and Rubinstein [20] and Dobrynin [21]. As
will be seen, these results set the stage for a subsequent
study of the equilibrium and nonequilibrium dynamics
of associative polymer solutions within a systematic and
coherent framework.
An essential feature of physically associative poly-
mer solutions is the prevalence of intra-chain and inter-
chain associations between the attractive groups on the
chains, which lead to the formation of micelles and net-
work structures. A central prediction of scaling the-
ories [20, 21] is the dependence of the fraction of at-
tractive groups that are stuck through intra-chain (p1)
and inter-chain (p2) associations, on the various parame-
ters that define the system, such as the number of at-
tractive groups (stickers) on a chain (f), the number
of monomers between two stickers (or the spacer length
`), the strength of association between the stickers (st),
the monomer concentration (c), and the solution tem-
perature (T ). Apart from a preliminary Monte Carlo
study [22], these predictions have, to our knowledge, so
far not been thoroughly tested through simulations. The
formulation adopted in the present work enables a careful
examination of the predictions of these theories for the
scaling dependence of p1 and p2 on system parameters.
With increasing monomer concentration, associative
polymer solutions undergo a transition from the sol to
the gel phase with the appearance of an incipient sys-
tem spanning network. Dobrynin has pointed out that
within the framework of a mean-field lattice based the-
ory for associative polymer solutions, it is not possible to
identify the location of the sol-gel transition, since chains
are not distinguished as belonging to the sol or the gel
phase [21]. As a result, in order to describe the phase
behaviour of associative polymer solutions within mean-
field theory, Dobrynin assumes the result given by the
Flory-Stockmayer theory [23, 24] for the gelation thresh-
old, namely, that at the location of the sol-gel transition,
the degree of inter-chain conversion p2 is related to the
number of stickers on a chain by the expression,
p2 =
1
f − 1 (1)
It should be noted that the Flory-Stockmayer theory as-
sumes that the gel network is a treelike structure and
prohibits the formation of loops [3]. Semenov and Ru-
binstein [20], on the other hand, show that Eq. (1) can be
formally derived if one assumes that the sol-gel transition
coincides with the monomer concentration at which the
concentration of free chains in the system (i.e. those with
no inter-chain associations) undergoes a maximum. In
real polymer networks, one expects that the formation of
loops is a common occurrence. In the formalism adopted
in the present work, the formation of cyclic structures is
not prohibited, and as a result, we are able to examine
both the validity of Eq. (1), and the assumption of Se-
menov and Rubinstein [20] regarding the coincidence of
the sol-gel transition with the free chain concentration
maximum.
Interestingly, from an equilibrium statics point of view
(as opposed to a rheological characterisation [25–27]),
there does not appear to be a commonly agreed defi-
nition of the concentration at which the sol-gel transi-
tion occurs. Descriptions of gelation based on percolation
models define the sol-gel transition as the concentration
at which the first system spanning network appears [3].
Alternatively, the sol-gel transition is also identified as
the concentration at which the probability distribution of
chain cluster sizes becomes bimodal [22]. In this interpre-
tation, it is expected that in the sol phase the probability
of finding a cluster with m chains decreases monotoni-
cally with increasingm, while the appearance of a second
peak in the probability distribution, at a non-zero value
of m, signals the onset of gelation. It is not clear if the
three definitions of the sol-gel transition, namely, the ap-
pearance of the system spanning network, the appearance
of bi-modality in the chain cluster size probability distri-
bution, or the occurrence of a maximum in the free-chain
concentration, are all located at the same monomer con-
centration, and if the degree of inter-chain conversion p2
is related to the number of stickers on a chain by Eq. (1),
in all the three definitions. These questions are examined
in the present work, and we show that the three different
definitions are located at different monomer concentra-
tions, and while p2 has the same dependence on f in all
of them, it is not given by Eq. (1).
The outline of this paper is as follows. In section II,
the proposed multi-particle Brownian dynamics algo-
rithm that accounts for hydrodynamic interactions, and
which is capable of simulating associative polymer so-
lutions across a range of concentrations, is described.
Also discussed in this section is the adoption of a novel
Soddemann-Duenweg-Kremer (SDK) potential [28, 29] to
model the pair-wise interactions between both the back-
bone and sticker monomers, which is a key aspect of
the suggested methodology. In section III, a brief sum-
mary of the predictions of scaling theories [20, 21] for the
degrees of intra-chain and inter-chain conversions, as a
function of system parameters, is given. These predic-
tions provide a basis for identifying the quantities that
need to be evaluated by simulations, and a framework
for the interpretation of simulation results. Essentially,
the theories identify three different regimes of scaling be-
haviour depending on the solvent quality of the backbone
monomers, the monomer concentration and the density
of stickers along the backbone. Section IV discusses the
choice of various simulation parameter values that en-
ables the exploration of these different scaling regimes.
Simulation predictions for the degrees of conversion, at
constant temperature and sticker strength, are discussed
in subsection VA, while subsection VB first examines
the influence of temperature and sticker strength, be-
fore combining the dependencies on all system parame-
3ters together in master plots in all but one of the scaling
regimes. The behaviour of a sticky polymer solution in
which the chains as a whole are under θ-solvent condi-
tions, is considered in subsection VC, while the influ-
ence of hydrodynamic interactions on the time required
for certain static properties to reach a stationary state, is
examined in subsection VD. Section VI considers the sol-
gel transition and the various definitions that are used to
find its location, and the validity of the Flory-Stockmayer
expression at the gelation threshold (Eq. (1)) is exam-
ined. An interesting correlation observed between the
breakdown of scaling predictions and the occurrence of
phase separation is highlighted in section VII. Finally,
the key results of the present work are summarised in
the concluding section.
II. BROWNIAN DYNAMICS OF ASSOCIATIVE
POLYMER SOLUTIONS
A. The role of hydrodynamic interactions
Although several previous computational studies of as-
sociative polymer solutions have been based on Brownian
dynamics as the simulation technique, they differ from
each other in a number of different aspects. For instance,
while in some studies entire micelles are coarse-grained
to single particles [14, 18], others represent individual
polymer chains as bead-spring dumbbells [11, 12, 30].
Whereas in some recent investigations of the shear flow
of associative polymer solutions, bead inertia has been
taken into account in the context of Langevin dynamics
of bead-spring chains [17, 19], in earlier enquiries, as-
sociative polymers in shear flow have been modelled as
non-interacting dumbbells [12], or non-interacting bead-
spring chains [13], with beads switching between asso-
ciated and dissociated states. None of these previous
investigations, however, have taken hydrodynamic inter-
actions into account.
Hydrodynamic interactions have been successfully in-
corporated over the past several decades in computa-
tional studies of polymer solution dynamics in the di-
lute concentration regime, both by methods that treat
the solvent explicitly, such as nonequilibrium molecular
dynamics (NEMD) [31–35], and by Brownian dynam-
ics (BD) simulations [36–51]. In BD, solvent degrees
of freedom are eliminated completely and their effect
is taken into account through long-range dynamic cor-
relations in the stochastic displacements of the beads.
These studies have established beyond doubt that the in-
clusion of hydrodynamic interactions is essential for ac-
curately capturing dynamic properties not only in the
equilibrium and linear viscoelastic regimes, but also the
far from equilibrium non-linear rheological material func-
tions [46, 48, 50]. Accounting for hydrodynamic interac-
tions in the semidilute regime of concentration, on the
other hand, is challenging since both intra and inter-
molecular interactions need to be taken into consider-
ation, particularly in the case of the latter since hydro-
dynamic interactions are long-ranged in space. Signifi-
cant advances have been made over the last decade in
our capacity to simulate semidilute polymer solutions
due to the development of a variety of mesoscopic sim-
ulation techniques based on coarse-grained bead-spring
chain models for polymer molecules [52–63]. These al-
gorithms are able to describe long polymers that overlap
with each other while maintaining a low segment density,
and are also able to capture the interaction of segments
with each other through solvent-mediated hydrodynamic
interactions. While some of the simulation techniques,
such as the hybrid lattice Boltzmann-molecular dynam-
ics (LB-MD) approach [52, 55] and the hybrid multi-
particle collision dynamics-molecular dynamics (MPCD)
method [54, 56] are explicit solvent methods, the Brown-
ian dynamics simulation technique, as mentioned above,
treats the solvent implicitly [53, 57–59, 62]. Each of
these methodologies have their advantages and disadvan-
tages, but to our knowledge, there has not been a sys-
tematic comparison of their relative merits [57]. All the
same, they have now been successfully employed to ex-
amine a number of different problems in the semidilute
regime [50, 52, 59, 64–70].
As is well known, hydrodynamic interactions begin
to get screened at the overlap concentration c∗, and
get completely screened only in a polymer melt [3, 65].
Though they are confined at sufficiently long times [71] to
length scales below the size of a correlation blob, which
shrinks with increasing concentration, hydrodynamic in-
teractions essentially determine the rich and complex dy-
namics of unentangled semidilute polymer solutions over
a wide range of concentration [3, 50, 65]. It can there-
fore be anticipated that hydrodynamic interactions will
also significantly influence dynamic properties of associa-
tive polymer solutions, such as (to name but a few), the
on-and-off time scales of stickers, and relaxation times
both on the level of single chains and of the network as a
whole. It seems worthwhile therefore to examine the role
of hydrodynamic interactions in associative polymer solu-
tions, to determine the concentration beyond which they
begin to get screened, and to establish whether there is a
concentration beyond which their influence on dynamics
can be safely ignored.
The recent numerical investigations of associative poly-
mer solutions by the Jülich group using MPCD [15, 72],
and by Castillo-Tejas et al. [16] using NEMD, automati-
cally account for hydrodynamic interactions through the
exchange of momentum between the beads on polymer
chains and solvent molecules, since the latter are sim-
ulated explicitly. By implementing an attractive inter-
action potential between selected beads on the chain to
model the association between sticker monomers, these
pioneering studies have essentially extended the frame-
work for studying semidilute polymer solutions to one
that is capable of describing associative polymer solu-
tions. Both these approaches are promising for future
investigations of the rich behaviour of associative poly-
4mer solutions, and while the published studies using
these methods have drawn a number of important con-
clusions regarding the rheology of associative polymer
solutions [15, 16], to our knowledge, they have not so
far explicitly examined the role of hydrodynamic inter-
actions.
In this work we introduce an alternative approach for
describing associative polymer solutions that accounts for
hydrodynamic interactions and is based on Brownian dy-
namics simulations. As in recent extensions of MPCD
and NEMD, the proposed methodology is an extension
of an algorithm developed previously to study semidi-
lute polymer solutions, but in contrast to these meth-
ods, treats the solvent implicitly. We hasten to add that
while the formalism includes hydrodynamic interactions,
the focus in this work is on the prediction of equilibrium
static properties, which we consider as a first step towards
exploring the predictive capabilities of the proposed algo-
rithm. In section VD, however, we briefly consider how
even though hydrodynamic interactions have no effect on
equilibrium static properties, they do have a significant
influence on the time scales in which equilibration oc-
curs, and presage their fundamental role in determining
dynamic properties.
B. Governing equations for sticky polymer solution
dynamics
Sticky polymers have been modelled here as a linear
sequence of Nb coarse-grained beads connected by Nb−1
entropic springs [73], with the chain configuration spec-
ified at any time t by the set of bead position vectors
rν(t) (ν = 1, 2, ..., Nb). Each polymer is a multi-sticker
chain with f equispaced stickers positioned along the
backbone (except at the chain ends where there are no
stickers) separated by ` spacer (or backbone) monomers.
A sticker is assumed to associate with only one other
sticker (i.e. with functionality ϕ = 1). Such systems can
be designed experimentally[74–76]. In general, while the
proposed methodology can support any value for ϕ, the
specific choice of ϕ = 1 is made here in order to compare
simulation predictions with the analytical predictions of
Semenov and Rubinstein [20] and Dobrynin [21], where
this constraint on sticker functionality has been chosen
for the sake of simplicity. Note that once ` and f are
fixed, the number of beads in a chain can be calculated
from,
Nb = (f + 1)`+ f (2)
An associative polymer solution is modelled as an en-
semble of such bead-spring chains, immersed in an in-
compressible Newtonian solvent. A total of Nc chains
are initially enclosed in a cubic and periodic cell of edge
length L, giving a total of N = Nb × Nc beads per cell
at a bulk monomer concentration of c = N/V , where
V = L3 is the volume of the simulation cell. The evolu-
tion of bead positions in Brownian dynamics simulations
is governed by an Iˆto stochastic differential equation for
the vectors rν . The Euler integration algorithm for the
non-dimensional form of this equation is given by,
rµ(t+ ∆t) = rµ(t) + (κ · rν(t)) ∆t+ ∆t
4
N∑
ν=1
Dµν · (Fsν + FSDKν ) +
1√
2
N∑
ν=1
Bµν ·∆Wν (3)
Here the length and time scales are non-dimensionalised
with lH =
√
kBT/H and λH = ζ/4H, respectively,
where T is the absolute temperature, kB is the Boltz-
mann constant, H is the spring constant, and ζ = 6piηsa
is the Stokes friction coefficient of a spherical bead of
radius a where ηs is the solvent viscosity. The quantity
κ = (∇v)T is a 3×3 tensor, with v corresponding to the
unperturbed solvent velocity field. For the static prop-
erty predictions considered here, this term is set to zero.
∆W ν is a non-dimensional Wiener process with mean
zero and variance ∆t. Bµν is a non-dimensional tensor
whose evaluation requires the decomposition of the diffu-
sion tensorDµν , defined asDµν = δµνδ+Ωµν , where δµν
is the Kronecker delta, δ is the unit tensor, and Ωµν is the
hydrodynamic interaction tensor. Defining the matrices
D and B as block matrices consisting ofN×N blocks each
having dimensions of 3× 3, with the (µ, ν)-th block of D
containing the components of the diffusion tensor Dµν ,
and the corresponding block of B being equal to Bµν ,
the decomposition rule for obtaining B can be expressed
as B · Bt = D. The regularized Rotne-Prager-Yamakawa
(RPY) tensor is used to compute hydrodynamic interac-
tions (HI),
Ωµν = Ω(rµ − rν) (4)
where
Ω(r) = Ω1δ + Ω2
rr
r2
(5)
with
Ω1 =

3
√
pi
4
h∗
r
(
1 +
2pi
3
h∗2
r2
)
for r ≥ 2√pih∗
1− 9
32
r
h∗
√
pi
for r ≤ 2√pih∗
5and
Ω2 =

3
√
pi
4
h∗
r
(
1− 2pi
3
h∗2
r2
)
for r ≥ 2√pih∗
3
32
r
h∗
√
pi
for r ≤ 2√pih∗
The hydrodynamic interaction parameter h∗ is the di-
mensionless bead radius in the bead-spring model, de-
fined as h∗ = a/(
√
pikBT/H). The decomposition of the
diffusion tensor has been achieved with the help of Fix-
man’s polynomial approximation based on the Cheby-
shev technique which has been widely used earlier for
both single chain [45, 77, 78] and multi-chain BD simu-
lations [53, 57, 58]. The components of the white noise
∆Wν are obtained from a real-valued Gaussian distri-
bution with zero mean and variance ∆t. The challenge
of simulating semidilute solutions arises from the sum∑
ν Dµν · (Fsν + FSDKν ) in Eq. (3), which is condition-
ally convergent. Here it is evaluated using an opti-
mized Ewald summation technique developed previously
by Jain et al. [57]. For all the static simulation results
reported here, since hydrodynamic interactions play no
role, they have been turned off by setting Ωµν = 0. For
the few simulation results reported in section VD, in
which hydrodynamic interactions have been switched on,
the value h∗ = 0.2 has been used.
The bonded interactions between the beads are repre-
sented by a spring force, Fsν , arising from a spring po-
tential which is assumed here to be a finitely extensible
nonlinear elastic (FENE) potential, UFENE, between ad-
jacent beads,
UFENE = −1
2
Q20 ln
(
1− r
2
Q20
)
(6)
Here Q0 is the dimensionless maximum stretchable
length of a single spring, and kBT is used to non-
dimensionalise energy. All the simulations reported in
this work use a value of Q20 = 50.0. Note the quantity
Q0 used here is identical to the square root of the more
commonly used FENE b-parameter.
The only quantity in Eq. (3) that remains to be de-
fined is FSDKν , that describes the short-ranged excluded
volume force on a bead ν due to its pair-wise interac-
tions with other beads in its neighbourhood, which could
be either stickers or spacer monomers that belong to
the same chain or neighbouring chains. The strength
of the interaction depends on the nature of both the in-
teracting beads. In homopolymer solutions, pair-wise ex-
cluded volume interactions are frequently modelled with
the Lennard-Jones potential, which is able to capture
polymer conformations in poor, θ and good solvents,
depending on the value chosen for the potential’s well-
depth. In the case of sticky polymer solutions, the in-
troduction of sticky groups on polymer chains leads to a
decrease in the size of the chain due to the relative affinity
of sticky groups for each other, making the chains more
collapsed or less swollen at a given temperature compared
to the corresponding homopolymer of the same molecular
weight, and resulting in the whole phase diagram being
modified due to the presence of stickers [20, 21].
In a recent publication [29], we have examined the col-
lapse transition of dilute sticky polymer solutions and
found it convenient to use the SDK potential [28] as an
alternative to the Lennard-Jones potential, to model the
pair-wise interactions between both the backbone and
sticker monomers. The reasons for this choice have been
elaborated in Ref. 29. In the following section, we give
details of the potential, and briefly summarise some of the
key results of our earlier publication that are relevant to
the current work. As will be discussed in greater detail
subsequently, this is necessary because the predictions of
the scaling theories of Semenov and Rubinstein [20] and
Dobrynin [21], with which we plan to compare the re-
sults of simulations, depend on which of three different
scaling regimes the sticky polymer solution belongs to,
with the regimes being determined by the solvent quality
of the backbone monomers, the monomer concentration
and the density of stickers along the backbone.
C. Modelling excluded volume interactions in
sticky polymers
The pair-wise excluded volume force, FSDKν , on a
bead ν due to interactions with either stickers or spacer
monomers is modelled here, as mentioned previously, by
a novel potential, USDK, proposed by Soddemann, Dün-
weg and Kremer, [28]
USDK =

4
[(σ
r
)12
−
(σ
r
)6
+
1
4
]
− ; r ≤ 21/6σ
1
2

[
cos (α
( r
σ
)2
+ β)− 1
]
; 21/6σ ≤ r ≤ rc
0; r ≥ rc
(7)
The potential has a minimum at r = 21/6σ, and the
quantity  is the attractive well-depth of the potential.
The repulsive part of the SDK potential is modelled by
a truncated Lennard-Jones (LJ) potential while the at-
tractive contribution is modelled with a cosine function.
Unlike the LJ potential, which has a long attractive tail,
the short ranged attractive tail of the SDK potential ap-
proaches zero smoothly at a finite cut-off distance rc,
which leads to increased simulation efficiency [28]. When
 = 0, the SDK potential corresponds to a purely repul-
sive Weeks-Chandler-Anderson (WCA) potential. With
increasing values of well-depth , the solvent quality re-
duces from athermal to poor, and the complete range
of solvent qualities can be explored by simply varying ,
since it changes the attractive component of the SDK po-
tential without affecting the repulsive force (in contrast
6to the LJ potential). In the present study, backbone
(spacer) monomer-monomer interactions are denoted by
bb, sticker monomer-monomer interactions are denoted
by st, and the value of the non-dimensional distance σ
is taken to be 1. The constants α and β are determined
by applying the two boundary conditions, USDK = 0 at
r = rc, and USDK = − at r = 21/6σ.
For homopolymer solutions, Santra et al. [29] have
shown that when the SDK potential is used in con-
junction with Brownian dynamics simulations, the ex-
pected asymptotic scaling behaviour, in all regimes of
solvent quality, is obtained with rc = 1.82σ (for which
α = 1.5306333121 and β = 1.213115524). Since only
backbone monomer-monomer interactions exist for ho-
mopolymers, the well-depth  is equal to bb for all bead
pairs. It is found [29], both from the scaling of the ra-
dius of gyration with chain length and from an estima-
tion of the second virial coefficient, that θ-solution con-
ditions are reproduced for bb := θ = 0.45. As a con-
sequence, the choice bb < 0.45 leads to good solvents,
while bb > 0.45 leads to poor solvents. In particular,
by defining the solvent quality z = kSDK τˆ
√
Nb, where
the parameter τˆ is defined in terms of the potential well-
depth by,
τˆ =
(
1− bb
θ
)
(8)
Santra et al. [29] show that by an appropriate choice of
the constant kSDK, simulation predictions of the swelling
ratio αg, which is the ratio of the radius of gyration Rg
in a good solvent to that in a θ-solvent, can be col-
lapsed on to the universal swelling curve (of αg versus
z) that describes the thermal crossover between θ and
good solvents [79]. Note that τˆ corresponds physically
to (1 − Tθ/T ), so that in accordance with its definition
in the experimental literature, [79–82] the solvent quality
z ∼ (1− Tθ/T )
√
M , where Tθ is the θ-temperature, and
M is the molecular weight.
In the case of the sticky polymer solutions considered
here, the attractive strength  of the SDK potential for a
pair of monomers µ and ν, is given by
 = (1− qµν) bb + qµν st (9)
where qµν ∈ {0, 1} is a Boolean variable such that for
each pair of monomers µ and ν, qµν is zero whenever at
least one of the two monomers is a backbone monomer,
while for a pair of sticker monomers, qµν is zero if no
bond exists between the two stickers, and qµν = 1 for a
bonded pair of sticker monomers. Typically, in all the
simulations considered here, bb ≤ θ ≤ st. At each time
step, the simulation algorithm updates the variables qµν
for stickers according to the following simple rules:
1. Whenever two stickers µ and ν come within the
cutoff radius of the SDK potential, rc, the value of
qµν is changed from zero to one, provided that both
stickers are not bonded to other stickers.
2. If three stickers are within the interaction range rc,
the decision regarding which pairs of beads stick to-
gether is made according to a scheme that depends
on the bead number label of each of the stickers.
Thus if stickers ζ, δ and ρ, with ζ < δ < ρ are
within interaction range rc, then ζ and δ form a
pair with qζδ = 1, and the sticker ρ remains un-
bound with qζρ = qδρ = 0. When more than three
stickers are within the interaction range, the same
scheme is implemented by treating each bead pair
in turn and considering their respective bead num-
ber labels.
3. As soon as the distance between two stickers µ and
ν becomes greater than rc, qµν is reset to zero, and
new bondings may occur.
A knowledge of the monomer coordinates and the val-
ues of qµν is clearly sufficient to calculate the interaction
energy of the system uniquely.
As mentioned earlier, the introduction of stickers on
chains alters the solvent quality of a polymer solution.
In particular, Santra et al. [29] show that the well-depth
of the SDK potential, θst, at which θ-solution conditions
are observed in sticky polymer solutions is different from
that for homopolymer solutions (θ), and that it depends
on the backbone well-depth bb and spacer length l. A
schematic representation of this dependence, reproduced
from their paper, in shown in Fig. 1, where the two-
dimensional surface corresponds to values of θst(`, bb)
that separate good and poor solvent regions. Since
bb < θ < st, chain conformations are a result of a
competition between backbone-backbone repulsion and
sticker-sticker attraction. As indicated in Fig. 1, the
value of θst keeps increasing: (i) as the backbone sol-
vent quality gets better at a given value of `, and (ii)
with increasing spacer length, at a given value of bb.
FIG. 1. Schematic of the θ-surface for sticky polymer so-
lutions in terms of the scaled variables (st/θ − 1) plotted
against the scaled backbone solvent quality, (1− bb/θ), and
spacer length, `. Points below the surface represent sticky
polymer solutions under good solvent conditions while points
above the surface indicate solutions under poor solvent con-
ditions. Reproduced with permission from Ref. 29.
7Finally, Santra et al. [29] show that similar to ho-
mopolymer solutions, a renormalised solvent quality z
for sticky polymer solutions can be defined,
z = g(`, bb)
(
1− st
θst(`, bb)
)√
Nb (10)
in terms of which the swelling of sticky polymer chains
becomes identical to that for homopolymers. Here,
g(`, bb) is a material function analogous to the constant
kSDK. This is a very useful result since it implies, as ex-
plained in detail in Ref. 29, that θst can be determined
for given values of ` and bb, by carrying out only a sin-
gle dilute solution simulation for any choice of st and
sufficiently large Nb.
As will become evident in subsequent sections, the be-
haviour of dilute sticky polymer solutions summarised
here is very helpful for estimating sticky chain parame-
ters and the well-depths of the SDK potential that lead
to simulation results in the precise scaling regimes de-
fined in the theory of Dobrynin [21], thereby enabling a
direct comparison between them.
III. SCALING RELATIONS FOR FRACTIONS
OF ASSOCIATED STICKERS
The phase behaviour of physically associative polymer
solutions has been described theoretically by a number
of different analytical approaches. [2, 20, 21, 83–87] The
majority of these studies only treat the presence of inter-
chain associations and neglect the formation of intra-
chain associations, which is a reasonable approximation
at sufficiently high polymer concentrations. The theory
developed by Dobrynin [21], on the other hand, explic-
itly accounts for the presence of intra-chain associations
as well. In the present work, since the simulations can
predict both intra and inter-chain degrees of conversion,
we compare our results with the predictions of Dobrynin’s
theory. It should be noted, however, that the scaling pre-
dictions by Semenov and Rubinstein [20] are identical to
those of Dobrynin [21] for the fraction of stickers bonded
by inter-chain associations.
An expression for the free energy of an associative poly-
mer solution has been derived by Dobrynin [21] with the
help of a lattice based mean-field theory, combined with
blob scaling arguments to describe polymer chain con-
formations in semidilute solutions. By minimising the
free energy with respect to both intra and inter-chain de-
grees of conversion, equations for the dependence of the
equilibrium degrees of conversion p1 and p2 on system pa-
rameters, such as T , c, `, st, etc., are obtained. Though
Dobrynin [21] also estimates the phase diagram of as-
sociative polymer solutions in the temperature and con-
centration plane, we do not attempt to map out the en-
tire phase diagram with simulations in the present work.
In section VI, however, we briefly consider the relation-
ship predicted by simulations between the monomer con-
(number of monomers
in a thermal blob)
(number of monomers
in a correlation blob)
(a)
(b)
(c)
FIG. 2. Three scaling regimes when the chain of backbone
monomers is in a good solvent. (a) ` < gT < gc (regime I),
(b) gT < ` < gc (regime II) and (c) gT < gc < ` (regime III).
The stickers are indicated by red circles.
centration, c, and the number of stickers, f , along the
gelation line that separates the sol and gel phases, and
compare with the prediction of scaling theory.
Dobrynin [21] derives separate sets of relations for the
fractions p1 and p2, depending on the quality of the
solvent with respect to the backbone monomers (i.e.,
whether they are in θ or good solvents), and the num-
ber of monomers between two stickers (`). In particular,
when the chain of backbone monomers is under good sol-
vent conditions, three separate regimes are identified that
8are best understood in terms of the schematic represen-
tation in Fig. 2, which is inspired by a similar figure in
Ref. 21.
As is well known, semidilute polymer solutions that
lie in the double crossover region of solvent quality and
concentration can be described in terms of thermal and
correlation blobs, which represent the dependence on sol-
vent quality z and scaled concentration c/c∗ [50, 65]. The
size of a thermal blob is denoted by ξT , with gT numbers
of monomers in it, while the size of a correlation blob
is denoted by ξc, with gc numbers of monomers in it.
The three regimes defined by Dobrynin [21] depend on
the relative magnitudes of `, gT and gc, as indicated in
Fig. 2.
A central element in Dobrynin’s theory is the estima-
tion of the probability of two stickers coming together to
form a bond. Under θ-solvent conditions this is straight-
forward to determine since a polymer chain obeys ran-
dom walk statistics and the probability of contact be-
tween two monomers on a chain is proportional to the
probability of loop formation between two ends of a
Gaussian chain segment [3, 21]. For a segment of chain
with ` monomers between stickers, this implies that the
probability of sticker contact is pθ(`) ∼ `−3/2. The situa-
tion is more complicated in a good solvent, and depends
on which of the three regimes in Fig. 2 is relevant. In
regime I (Fig. 2 (a)), since there are many stickers in
a thermal blob, and a chain segment within a thermal
blob obeys random walk statistics, the sticker associa-
tion probability is governed by the same physics as for
a chain under θ-solvent conditions. On the other hand,
in regime II (Fig. 2 (b)), the calculation of the probabil-
ity that two stickers come into contact involves two steps.
First two thermal blobs must come into contact, followed
by two stickers within these thermal blobs coming to-
gether to form a bond. Since thermal blobs follow self-
avoiding walk statistics, their probability of contact is
equivalent to the probability that two internal monomers
of a chain in a good solvent come into contact. This prob-
lem was first solved using renormalisation group methods
by des Cloizeaux [88], who derived the following expres-
sion for the probability of contact between two internal
monomers on a self-avoiding walk chain,
pgood ∼
[
δ
r(n)
]3+θ2
(11)
where δ is the spatial distance between the two
monomers, r(n) is the root mean squared end-to-end dis-
tance between the two monomers, which are considered
to be separated by n monomers along the chain back-
bone, and θ2 is a geometrical exponent, the so-called des
Cloizeaux exponent [89–92]. The numerical value of θ2
will be discussed shortly below. Once the thermal blobs
are in contact, the probability that two stickers within
them come into contact is estimated using the same ex-
pression as for two monomers on a segment of a chain
under θ-solvent conditions. Using similar arguments, Do-
brynin [21] also derives the probability of two stickers
coming into contact when the good solvent conditions
for the chain backbone correspond to those represented
by regime III.
With this background, the relevant relations for the de-
grees of intra and inter-chain conversion derived by Do-
brynin [21] are displayed in Table I. Note that p = p1+p2
is the total fraction of associated stickers. Table I (a)
displays the most general form of the relations when the
backbone monomers are under good solvent conditions,
for the three different scaling regimes that have been
identified in Fig. 2. The relations are in terms of `, gT , gc,
and the quantity gss, which is defined as an exponential
function of an effective sticker strength that depends on
the sticker-sticker association energy and the interaction
energy between polymer and solvent. Table I (b) gives
the corresponding relations for the case when the back-
bone monomers are under θ-solvent conditions, along
with the simplified form of the equations for good sol-
vent conditions that are used in the current work. Be-
fore discussing the derivation of these relations, however,
it is worth making a few remarks about the des Cloizeaux
exponent θ2.
The value θ2 = 0.71 was derived by des Cloizeaux [88]
approximately using renormalised field theory. Subse-
quently, it was shown by Witten and Prentis [90] and Du-
plantier [91] that θ2 could be related analytically to crit-
ical exponents that characterise star polymers. Using
Monte Carlo simulations with the PERM algorithm, Hsu
et al. [92] have obtained extremely accurate estimates of
the critical exponents for star polymers with up to 80
arms. Based on the expression connecting θ2 to the crit-
ical exponents of stars derived by Duplantier [91], and
using the values computed for these exponents by Hsu
et al. [92], one can determine that θ2 = 0.8142(17). This
is probably the most refined value of the des Cloizeaux
exponent that has been estimated to date. In addition
to reporting the value for the exponent θ2 derived by des
Cloizeaux [88], Dobrynin [21] also estimates a value for
θ2 using an alternative argument. Essentially, by equat-
ing the probability of binary contact between monomers
within a correlation blob (in the context of the mean field
theory) to the contact probability given by Eq. (11), Do-
brynin [21] obtains θ2 = 1/3, which is considerably differ-
ent from the value of the des Cloizeaux exponent derived
from combining analytical arguments with Monte Carlo
simulations. However, the latter value has been obtained
for a self-avoiding walk chain in the dilute limit. The
value of θ2 in the context of associative polymer solutions
at finite concentrations, where both Flory screening and
attractive interactions between stickers is present, is cur-
rently unknown. We will show subsequently that using
θ2 = 1/3 leads to excellent collapse of simulation data
under a wide range of conditions.
The simplified form of Dobrynin’s relations can be ob-
tained by expanding gT and gc in terms of the backbone
solvent quality parameter τˆ , and the monomer concen-
tration c. Within the blob scaling ansatz, for a semidilute
9(a)
p1(1− p1/2)
(1− p)2
p2
(1− p)2
p1(1− p1/2)
p2
Regime I gss `−3/2 gss `−1 g
−1/2
T (gT /gc)
ν(3+θ2)−1 gT 1/2 `−1/2 (gc/gT )
ν(3+θ2)−1
Regime II gss `−3/2 (gT /`)
ν(3+θ2)− 32 gss `−1 g
−1/2
T (gT /gc)
ν(3+θ2)−1 (gc/`)
ν(3+θ2)−1
Regime III gss `−3/2 (gT /gc)
ν(3+θ2)− 32 gss `−1 g
−1/2
T (gT /gc)
ν(3+θ2)−1 (gc/`)
1/2
ν = 35 ; θ2 =
1
3 ; gT = τˆ
−2 ; gc = τˆ
− 6ν−33ν−1 c−
1
3ν−1 = τˆ−
3
4 c−
5
4
(b)
p1(1− p1/2)
(1− p)2
p2
(1− p)2
p1(1− p1/2)
p2
θ-solvent gss `−3/2 gss `−1 c `−1/2 c−1
Regime I gss `−3/2 gss τˆ−1/4 `−1 c5/4 τˆ1/4 `−1/2 c−5/4
Regime II gss τˆ−1 `−2 gss τˆ−1/4 `−1 c5/4 τˆ3/4 `−1 c−5/4
Regime III gss τˆ−5/8 `−3/2 c5/8 gss τˆ−1/4 `−1 c5/4 τˆ−3/8 `−1/2 c−5/8
TABLE I. Relations for the intra-chain and inter-chain association fractions, predicted by Dobrynin [21]. Table (a) corresponds
to the three scaling regimes that arise when the backbone monomers are under good solvent conditions. The expressions are
in terms of gss, which is a function of effective sticker strength, the spacer length `, the number of monomers in a thermal blob
gT , and the number of monomers in a correlation blob gc. Note that p = p1 + p2 is the total fraction of associated stickers.
Table (b) gives the corresponding relations for the case when the backbone monomers are under θ-solvent conditions, along
with the simplified forms of the relations for good solvents when gT and gc are expanded in terms of the backbone solvent
quality parameter τˆ , the monomer concentration c, and the specific choices ν = 3/5 and θ2 = 1/3 are made.
solution in the double crossover region [65],
gT = τˆ
−2
gc = Nb
( c
c∗
)− 13ν−1 (12)
where ν is the Flory exponent, and the overlap concen-
tration c∗ is defined by,
c∗ =
Nb
(4pi/3)Rg0
3 (13)
Here, Rg0 :=
√
〈R2g0〉 is the radius of gyration of a ho-
mopolymer chain of backbone monomers in the dilute
limit, where 〈R2g0〉 is given by,
〈R2g0〉 =
1
2N2b
Nb∑
µ=1
Nb∑
ν=1
〈r2µν〉 (14)
with angular brackets representing ensemble averages,
and rµν = |rν − rµ| being the inter-bead distance. In
a good solvent, since a homopolymer is a self-avoiding
walk of thermal blobs, Rg0 = ξT (Nb/gT )ν , where ξT =
bg
1/2
T , and b is the size of a monomer. It follows that,
c∗ ∼ N1−3νb g3ν−3/2T , and from Eq. (12),
gc = τˆ
− 6ν−33ν−1 c−
1
3ν−1 (15)
Substituting for gT and gc from Eqs. (12) and (15) into
the general scaling relations in Table I (a), and setting
ν = 3/5 and θ2 = 1/3, leads to the expressions displayed
in Table I (b). The choice of simulation parameters that
enable the validation of these scaling predictions is dis-
cussed in the next section.
IV. CHOICE OF PARAMETERS AND
DETAILS OF SIMULATIONS
Simulations in any one of the three different scaling
regimes discussed in section III can be carried out by
appropriately choosing the values of `, gT and gc. It is
clear from Eq. (12) that gT can be varied by varying bb,
since the solvent quality parameter τˆ depends on the well-
depth of the SDK potential for backbone monomers (see
Eq. (8)). From Eq. (15) it follows that gc can be varied
by varying bb and c. The following protocol is conse-
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(Nb, `, f) bb st gT c/c∗ gc
θ
(24, 4, 4) No EV 5.0 – – –
(34, 6, 4) No EV 2.5 – – –
(34, 4, 6) No EV 5.0 – – –
(34, 4, 6) 0.45 5.0 – – –
(29, 4, 5) 0.45 5.0 – – –
(34, 6, 4) 0.45 2.5 – – –
(29, 4, 5) 0.3 2.5 9 0.7− 2.0
11− 34Regime I (34, 4, 6) 0.3 2.5 9 0.8− 1.6(` < gT < gc) (34, 6, 4) 0.3 2.0 9 0.8− 1.6
(34, 6, 4) 0.35 2.5 20 1.0− 1.5
(24, 4, 4) 0.0 5.0 1
0.8− 1.9 20− 32
(34, 4, 6) 0.0 5.0 1
Regime II (39, 4, 7) 0.0 5.0 1
(gT < ` < gc) (44, 4, 8) 0.0 5.0 1
(34, 6, 4) 0.0 5.0 1
(29, 5, 4) 0.0 5.0 1
(34, 6, 4) 0.0 4.0 1
Regime III (34, 6, 4)
0.0 5.0 1 4.0− 5.8 4− 7(gT < gc < `) (39, 7, 4)
TABLE II. Sets of parameters used to simulate the different
scaling regimes of associative polymer solutions that arise for
backbone monomers under θ and good solvent conditions.
quently followed with regard to the selection of parame-
ter values. For any choice of values of Nb and bb, single
chain simulations are carried out to determine Rg0 and
the end-to-end vector Re0. Note that the finite extensi-
bility parameter is set to Q0 =
√
50 in all the simulations
reported here. The size of the simulation box is then fixed
at L = 2Re0 to ensure that chains do not overlap with
themselves in the periodic cell. Once L is determined,
the monomer concentration c (and consequently gc) can
be adjusted by choosing the number of chains Nc in a
simulation cell, since c = (Nc ×Nb)/L3. The scaled con-
centration c/c∗ (with c∗ defined in Eq. (13)) can also then
be estimated. Finally, the choice of the number of stickers
f per chain determines the number of spacer monomers `
between stickers. In this manner, the relative magnitudes
of `, gT and gc can be varied to probe each of the three
scaling regimes that arise when the backbone monomers
are under good solvent conditions. In the case when the
backbone monomers are under θ-solvent conditions, two
different procedures are followed here. In the first, we
set bb = θ = 0.45 in the SDK potential to reproduce θ
conditions for the backbone, and in the second, we ne-
glect excluded volume (EV) interactions altogether, i.e.,
we simulate ghost chains that can cross themselves and
each other. Table II summarises all the values of pa-
rameters (with gT and gc rounded to the nearest integer)
used in the current simulations in order to explore the
different scaling regimes.
Once the parameter choices are made, a typical simu-
lation consists of a pre-equilibration run of about 3 to 4
Rouse relaxation times for a system of chains with only
backbone monomers and no stickers, followed by the in-
troduction of stickers and an equilibration run of about
5 to 8 Rouse relaxation times. Finally, sampling is car-
ried out over a production run of about 5 Rouse relax-
ation times. Time averages, from each independent tra-
jectory, are calculated during the production run, from
a set of data collected at intervals of 1000 to 5000 non-
dimensional time steps between sampling points. Ensem-
ble averages and error of mean estimates of different equi-
librium properties are then computed over a collection of
such independent time averages, evaluated from 64 to 128
independent trajectories. All simulations have been car-
ried out with a non-dimensional time-step ∆t = 0.001.
In the absence of hydrodynamic interactions, the CPU
time for the BD algorithm used here to determine all the
static properties, scales linearly with system size N , for a
fixed simulation box size L. It should be noted, however,
that when the box size is increased, for instance to acco-
modate chains with a larger number of beads Nb, there
is a large change in the pre-factor for the calculation of
CPU time, due to various changes in bookkeeping, such
as neighbour lists and so on.
The estimation of the fraction of associated intra and
inter-chain stickers (required for the validation of scaling
relations), and the enumeration of the number of chains
in a cluster (required for the identification of the gelation
transition), are both carried out here with the help of the
cluster computation algorithm proposed by Sevick et al.
[93] A brief description of the application of the algorithm
in the context of sticky polymer solutions is given here.
To compute the intra-chain and inter-chain associa-
tions between stickers, a connectivity matrix for sticky
beads is constructed such that, for any pair of stickers i
and j, the corresponding element in the connectivity ma-
trix has a value equal to 1 for direct contact (rij ≤ rc)
and 0 otherwise. Clearly, in general, there can also be
stickers which are not in direct contact but still belong
to the same cluster through indirect contacts. The Sevick
et al. [93] algorithm also takes this into account and gen-
erates a reduced connectivity matrix, where each linearly
independent column of the matrix represents a cluster of
stickers which are either in direct or indirect contact.
The total number of such independent columns gives the
number of clusters in the system. In the simulations car-
ried out here, however, there are no indirect contacts
between stickers since they always associate in pairs (the
functionality of stickers has been chosen to be one). All
the necessary information regarding the state of intra-
chain or inter-chain association, of every sticker in the
system, is recovered by appropriately labelling the non-
zero elements in each independent column of the reduced
connectivity matrix.
A similar connectivity matrix is also constructed for
entire chains to determine whether they are either di-
rectly or indirectly connected to other chains via at least
one sticky bead. Note that in this case there can be in-
direct contacts between chains, since there is typically
more than one sticker per chain. The information on the
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number of chains in a cluster, or the spatial span of a
cluster of chains, can be obtained from the columns of
the chain connectivity matrix.
V. VALIDATION OF SCALING RELATIONS
FOR DEGREES OF CONVERSION
It is clear from the values given in Table II for the var-
ious simulation parameters used in the results reported
here, that a more extensive variation of parameters has
been carried out in Regime II compared to the other
regimes. This is essentially because of the relative ease of
simulating Regime II, both due to the physics of sticky
polymer solutions, and due to the constraints of the cur-
rent computational algorithm. Consider Regime I, where
` < gT < gc. Since a reasonable length of spacer segment
must be chosen to enter the scaling regime, the value of
` cannot be too small. Depending on the values of τˆ (or
equivalently, bb) and c/c∗, the numbers of monomers in
thermal and correlation blobs, gT and gc, respectively,
lie between 1 and Nb (with Nb  1, for the observa-
tion of scaling laws). The requirement that the back-
bone monomers must be in a good solvent implies that,
0 ≤ bb ≤ θ. The value of gT increases rapidly from 1 as
bb increases from 0 to θ (since gT = [1 − (bb/θ)]−2).
While it is consequently not difficult to achieve gT > `,
its value cannot be too large, since if one wishes to main-
tain Nb as the upper bound for gT , it would lead to an
excessively large computational cost. The constraint that
gT < Nb is, however, not strictly necessary provided c/c∗
is sufficiently small such that gc > gT , which, however,
limits the range of variation of c/c∗. It is clear, conse-
quently, that there are limitations to the choice of val-
ues for bb. The value of bb also affects the choice of
sticker strength st. It is clear from Fig. 1 that for a
given value of `, the value of θst decreases with increas-
ing bb. As will be seen later, in order to avoid phase
separation with increasing concentration, it is necessary
for θ < st < θst, which corresponds to good solvent
conditions for the sticky polymer solution as a whole (i.e,
it is necessary to remain below the θ-surface in Fig. 1).
At the same time, it is necessary to sufficiently separate
the values of bb and st in order to achieve a reason-
able frequency and duration of association between stick-
ers, and to distinguish between sticky and homopolymer
solutions. The combination of all these constraints im-
plies that we have only been able to explore a limited
range of parameter values while remaining in Regime I.
Nevertheless, as will be seen shortly, it is still sufficient
to establish the validity of the scaling relations in this
regime. The limited number of simulations in Regime III
are largely related to the cost of carrying out simulations
in this regime, where gT < gc < `. As discussed ear-
lier, it is straightforward to achieve a small vaule of gT
by choosing bb close to zero. On the other hand, both
the requirements that c/c∗ > 1 so that gc > gT , and
that ` > gc, have a significant consequence on computa-
tional cost since they imply an increase in the number
of monomers in a simulation cell (associated with an in-
crease in Nc and Nb, respectively). All the same, the
simulations that have been carried out in Regime III are
adequate to reach clear conclusions regarding the valid-
ity of the scaling predictions in this regime, as discussed
shortly in the following sections.
The scaling relations summarised in Table I are exam-
ined here in two steps. We first consider the dependence
of the degrees of intra and inter-chain conversion on the
length of the spacer segment between stickers, `, and the
monomer concentration c in section VA, followed by an
examination of their dependence on the solvent quality
parameter, τˆ , and the function of the effective sticker
strength, gss in section VB. The situation where the
sticky polymer chain as a whole is under θ-solvent condi-
tions is examined in section VC, and finally, the role of
hydrodynamic interactions in determining the time scale
for equilibration is briefly considered in section VD.
A. Dependence on spacer length and monomer
concentration
The dependence of p1 and p2 on ` and c is considered in
this section, while keeping τˆ and sticker strength st con-
stant, in each of the different scaling regimes. For the rea-
sons highlighted above, we first consider the case where
the backbone monomers are under Regime II conditions,
since the validity of scaling relations in this regime has
been explored using a wide range of parameter values.
This is followed by a consideration of Regimes I and III.
The case of θ-solvent conditions for the backbone is ex-
amined simultaneously with Regime II.
1. θ-solvent and Regime II
The scaling relations corresponding to θ-solvent and
Regime II conditions for backbone monomers are given
in the first and third rows of Table I (b), respectively,
and the results of simulations in these regimes, with τˆ
and sticker strength st constant, are shown in Figs. 3.
In order to display both cases in the same set of plots,
the dependence on spacer length ` is absorbed into the
y-axis in Figs. 3 (a) and (c), noting that `ν(3+θ2) reduces
to the θ-solvent case for ν = 1/2 and θ2 = 0, and to the
Regime II case when ν = 3/5 and θ2 = 1/3. This sub-
stitution is not necessary for the fraction of inter-chain
associations (Fig. 3 (b)), since the dependence on ` is the
same in both cases. We now consider the Regime II and
θ-solvent cases in turn.
The first and striking observation is that when the
backbone monomers are under good solvent conditions
corresponding to Regime II, the choice of value θ2 = 1/3,
derived by Dobrynin [21], leads to data collapse across
the entire range of parameter values considered here. It
is clear from Table I (a) that θ2 appears in the scaling ex-
12
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FIG. 3. The dependence of ratios involving (a) intra-chain (b) inter-chain degrees of conversion, and (c) the ratio of intra-chain
and inter-chain association fractions, on the monomer concentration, c, with the chain backbone under θ-solvent and Regime II
(gT < ` < gc) conditions. The spacer length dependence is absorbed in the y-axis. Simulations are carried out at constant
solvent quality parameter τˆ and sticker strength st, except in (c) where two different values of st have been considered. The
values of θ2 and ν are 0 and 1/2, respectively for the backbone under θ-solvent conditions, and 1/3 and 3/5, respectively, for
chains with bb = 0. The dashed and the solid lines are drawn with slopes equal to the prediction by scaling theory, while
symbols represent simulation data.
ponents for both the variables ` and c in Regime II. The
impressive collapse of data seen in Figs. 3 consequently
provides convincing evidence of the validity of Dobrynin’s
estimate of the des Cloizeaux exponent in sticky polymer
solutions. We shall see shortly that this choice of value for
θ2 leads to consistent collapse of data for all the results
considered here. The second observation from Figs. 3,
which is common to both the intra and inter-chain asso-
ciation fractions in Regime II, is that the collapse of data
for different values of ` indicates that the dependence on
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spacer length is captured accurately by scaling theory.
Figure 3 (a) shows that, consistent with the pre-
diction of scaling theory in Regime II, the ratio[
p1(1− p1/2)/(1− p2)
]
`2 is independent of monomer
concentration c. Interestingly, this is the case even
though the fraction of intra-chain associated stickers p1
decreases with increasing concentration, while the total
fraction of associated stickers p increases with increasing
concentration. The increase in p is due to the dominant
role played by the increase in the fraction of inter-chain
associated stickers p2 with increasing concentration. Ac-
cording to scaling theory, the ratio
[
p2/(1− p2)
]
` in-
creases with concentration in this regime with an expo-
nent of 1.25 (when θ2 is chosen to be 1/3), which is val-
idated by the simulation results displayed in Fig. 3 (b).
Finally, given the substantiation of scaling predictions
for the intra and inter-chain degrees of conversion, it is
perhaps not surprising that the ratio of these conver-
sions, [p1(1− p1/2)/p2] `, also follows the predicted de-
pendence on concentration, as can be seen in Fig. 3 (c).
More interestingly, however, according to scaling theory,
this ratio is predicted to be independent of the effective
sticker strength, since both intra and inter-chain degrees
of conversion have an identical dependence on gss. As
can be seen from Fig. 3 (c), this prediction is supported
by simulations that show data collapse for two different
values of st.
It will be shown subsequently that the values of
c/c∗ at the higher monomer concentrations depicted in
Figs. 3 (a) and (b) are well into the regime where the
sticky polymer solution is in the gel phase. As a con-
sequence, the simulation results presented here clearly
indicate that the scaling relations hold true in both the
sol and gel phases, and as pointed out by Dobrynin [21],
do not distinguish between them.
Recall that the case with backbone monomers under
θ-solvent conditions has been simulated here with two
different approaches. The first is to neglect excluded
volume interactions altogether, and to treat, as is com-
monly done, the simulation of θ conditions to be identi-
cal to simulating ideal (or ghost) chains that can cross
each other. The second approach is to use a value of
bb = θ = 0.45, which has been shown to reproduce scal-
ing predictions for homopolymer chains consistent with
θ-solvent conditions [29]. As can be seen from Table I (b),
scaling theory predicts that in this case as well, the ratio[
p1(1− p1/2)/(1− p2)
]
`3/2 is independent of monomer
concentration. Fig. 3 (a), which displays the results of
the two approaches, demonstrates the validation of this
prediction. When the SDK potential with bb = θ is
used, the numerical value of the ratio is identical to that
for the Regime II case (with the appropriate scaling with
` taken into account). On the other hand, the value of
the ratio is higher for the case of ideal chains. As will be
demonstrated in section VB, this difference arises from
a difference in the function gss in the two cases.
The exponent θ2 is not relevant for backbone
monomers under θ-solvent conditions, and according
to Table I (b), scaling theory predicts that the ratio[
p2/(1− p2)
]
` increases linearly with concentration in
this case. As can be seen from Fig. 3 (b), this prediction
is validated by both the approaches used here to simulate
a backbone chain under θ-solvent conditions. It is clear
from Fig. 3 (c) that the ratio of intra and inter-chain
degrees of conversion, [p1(1− p1/2)/p2] `1/2, also follows
the predicted dependence on monomer concentration c.
A discussion of the dependence on the variables ` and
st, in this case, is postponed to section VB.
2. Regime I
The validity of scaling predictions for Regime I,
corresponding to a good solvent regime for backbone
monomers with (` < gT < gc), with τˆ and sticker
strength st constant, are shown in Figs. 4. While there
is close agreement between predictions and simulation re-
sults in this regime, as was observed in Regime II, and
a broad similarity between the scaling predictions in the
two regimes, there are some differences that are worth
noting.
The first is that, unlike in Regime II, the des Cloizeaux
exponent is only reflected in the dependence on monomer
concentration c and not the spacer length ` (see first row
in Table I (a)). As in Regime II, the choice of θ2 = 1/3
leads to a collapse of data for all the simulation param-
eters examined in Figs. 4. Secondly, even though the
spacer length ` has been absorbed into the y-axis for
consistency with the representation in Figs. 3, the de-
pendence on ` has not been examined in Figs. 4 since all
the simulations have been carried out for a single value
of ` = 4. This is because changing ` changes the effec-
tive sticker strength gss, even if st is held constant. A
similar situation exists when the backbone monomers are
under θ-solvent conditions, and explains why results for
only one value of ` are displayed in Figs. 3, for this case
as well. The reasons for the dependence of gss on ` are
discussed in greater detail below in section VB. Interest-
ingly, however, it turns out that gss does not depend on `
for the special case when bb = 0, i.e., when the backbone
monomers are in an athermal solvent. This independence
enables an examination of the dependence of the degrees
of conversion on ` in Regimes II (Figs. 3) and III (Figs. 5),
independently of st, unlike in the θ-solvent and Regime I
cases. The dependence of the ratios involving p1 and p2
on ` and st, in the latter two cases, is examined further
in section VB.
The scaling with monomer concentration of the ra-
tios involving the intra-chain and inter-chain degrees of
conversion, under Regime I conditions, can be seen in
Figs. 4 (a) and (b) to obey scaling predictions (given in
the second row of Table I (b)). The independence of the
ratio of intra-chain and inter-chain association fractions,
[p1(1− p1/2)/p2] `1/2, from sticker strength due to each
of them having the same dependence on gss, is also val-
idated in Fig. 4 (c) for two values of st. It should be
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FIG. 4. The dependence of ratios involving (a) intra-chain (b) inter-chain degrees of conversion, and (c) the ratio of intra-chain
and inter-chain association fractions, on the monomer concentration, c, with the chain backbone under Regime I (` < gT < gc)
conditions. The spacer length dependence is absorbed in the y-axis. Simulations are carried out at constant solvent quality
parameter τˆ , and a constant sticker strength st, except in (c) where two different values of st have been considered. The
values ν = 3/5 and θ2 = 1/3 have been used. The dashed and the solid lines are drawn with slopes equal to the prediction by
scaling theory, while symbols represent simulation data.
noted that when there are many values of chain length
involved in the same plot, it is not possible to plot the
dependence of the ratios involving p1 and p2 on c/c∗,
since c∗ depends on Nb. The dependence on c/c∗ for a
single value of Nb is consequently shown in the insets to
Figs. 4 (a) and (b), to give an idea of the range of val-
ues of the scaled concentration that have been examined
here. The range of values of c/c∗ examined in all the
scaling regimes is also indicated in Table II.
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FIG. 5. The dependence of ratios involving (a) intra-chain (b) inter-chain degrees of conversion, and (c) the ratio of intra-chain
and inter-chain association fractions, on the monomer concentration, c, with the chain backbone under Regime III conditions.
The spacer length dependence is absorbed in the y-axis. Simulations are carried out at constant solvent quality parameter
τˆ = 1, and constant sticker strength, st = 5.0. The values of θ2 and ν are 1/3 and 3/5, respectively. The dashed and the solid
lines are drawn with slopes that are a good fit to the symbols, which represent simulation data.
3. Regime III
As discussed in section V, Regime III (which cor-
responds to good solvent conditions for backbone
monomers with gT < gc < `) requires the scaled con-
centration c/c∗ to be sufficiently small such that gc > gT
(since the number of monomers in a correlation blob,
gc, decreases with increasing c), while at the same time
being sufficiently large such that the constraint gc < `,
is also satisfied. According to Eq. (12), for Nb = 34,
gc < 6 when c/c∗ > 4. For a choice of spacer length
` = 6, and with the number of monomers in a thermal
blob, gT = 1 (since bb = 0), any value of c/c∗ in the
range 4 < c/c∗ < 17 would, consequently, correspond
to Regime III conditions. As indicated in the insets to
Figs. 5 (a) and (b) and Table II, a range of values of c/c∗
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from 4 to 6 has been simulated here (due to limitations
of the computational cost for simulating larger values of
c/c∗), to explore Regime III.
The first discrepancy between simulations and scaling
theory is seen to occur in Regime III. The divergence be-
tween the two predictions is displayed in Figs. 5, where
the dependence of ratios involving intra-chain and inter-
chain degrees of conversion on the monomer concentra-
tion and spacer length is examined, at constant values of
τˆ and st. According to scaling theory (see Table I (b)),
the ratio p1(1− p1/2)/(1− p)2 ∼ `−3/2 c5/8, and the ra-
tio p2/(1− p)2 ∼ `−1 c5/4. Simulation results indicate
that both the dependences on ` and c, predicted by scal-
ing theory, are incorrect in this regime (assuming that
θ2 = 1/3, as in the other regimes). Contrary to scaling
predictions, data from simulations for different parame-
ter values can be collapsed on top of each other when it is
assumed, firstly, that p1(1− p1/2)/(1− p)2 scales as `−1,
independently of c (as was observed in scaling Regimes I
and II), and secondly, that p2/(1− p)2 ∼ `−1/2 c5/8.
Thus, the ratio involving p2 is shown to scale with
monomer concentration with an exponent equal to that
predicted by scaling theory for the ratio involving p1. The
dependence on ` in this regime, for both the degrees of
intra and inter-chain conversion, is unlike that of either
Regime I or II (see Table I (b)).
Consistent with the arguments for estimating the con-
tact probability between stickers in each of the other two
scaling regimes, Dobrynin [21] posits that for two stickers
to come into contact in Regime III, the following events
must occur:
(i) Two correlation blobs, containing a sticker each,
must come into contact.
(ii) The two thermal blobs containing the stickers
within the overlapping correlation blobs must come
close to each other.
(iii) Finally, the two associating groups within these two
thermal blobs must find each other.
The probability of each of these events is then worked
out for both intra-chain and inter-chain contacts in order
to derive the relevant scaling relations. The arguments
for each of these steps are along similar lines to those in
the other two regimes, whose validity has clearly been
established by the results reported here, and it is not
straightforward to explain the origin of the discrepancy
between the scaling predictions in Regime III and the
behaviour observed in the current simulations.
It is interesting to observe the variation with c/c∗ of the
radius of gyration ratio, R2g/R2g0HP , displayed in Fig. 6,
of an individual chain in a sticky polymer solution, and
compare it with the behaviour of a chain in a homopoly-
mer solution. Here, Rg0HP is the radius of gyration of the
homopolymer chain in the dilute limit. The asymptotic
scaling law for the radius of gyration ratio as a function of
the scaled concentration c/c∗, in semidilute unentangled
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FIG. 6. The radius of gyration ratio R2g/R2g0HP as a function
of scaled concentration, c/c∗. The filled red symbols rep-
resent data for homopolymer (HP) solutions obtained from
current simulations, while the yellow stars are from MPCD
simulations by Huang et al. [64] R2g0HP is the mean-squared
radius of gyration of the homopolymer in the dilute limit.
The filled green squares and purple diamonds represent sticky
polymer solutions that span scaling regimes II and III. The
filled blue right triangles represent a situation in which the
sticky polymer chain as a whole is under θ-solvent conditions.
These different scenarios are achieved with different backbone
monomer interaction strengths, bb, sticker strengths, st, and
spacer lengths `. The dashed line is the theoretical scaling
prediction (Eq. (16)) for unentangled semidilute homopoly-
mer solutions. The filled line is drawn to guide the eye.
homopolymer solutions, is well known [64, 94–96],
R2g
R2g0
∣∣∣∣∣
HP
=
( c
c∗
)(2ν−1)/(1−3ν)
(16)
Equation (16) describes the shrinking of individual chains
with increasing concentration due to the presence of
Flory screening. The dashed black line in Fig. 6 is
drawn with slope equal to the asymptotic scaling ex-
ponent −0.25. It is clear from the filled red symbols,
which are the results of current simulations, and the yel-
low stars, which are the results of MPCD simulations
by Huang et al. [64], that the radius of gyration ratio for
homopolymer solutions is constant at low concentrations
(as expected for dilute solutions), and then decreases in a
broad crossover region between c/c∗ = 0.4 to c/c∗ ≈ 3, as
it changes from the dilute to the asymptotic semidilute
scaling regime, where it decreases with a power law. On
the other hand, the filled green and purple symbols, rep-
resenting sticky polymer solutions, reflect a very different
behaviour.
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At low concentrations, the radius of gyration ratio
for a chain in a sticky polymer solution, with backbone
monomers under athermal solvent conditions, is less than
that for an equivalent homopolymer chain, and it appears
to increase gradually with increasing concentration. The
lower value at low concentrations might be attributed to
the existence of intra-chain associations which decrease
the size of a chain, and the subsequent gradual increase
can be ascribed to the increase in inter-chain associa-
tions with increasing concentration, that occur at the
expense of intra-chain associations. For these reasons,
the start of the crossover into the semidilute regime due
to Flory screening seems to be delayed until c/c∗ ≈ 2,
and it is clear from Fig. 6 that the crossover seems to
persist beyond c/c∗ = 6, with the asymptotic scaling
regime not yet reached at this concentration. These ob-
servations indicate that polymer conformations in solu-
tions of sticky polymers are significantly different from
those of homopolymer chains in good solvent conditions,
upon which the scaling theory is based. This aspect will
be considered further in section VC, when sticky poly-
mer solutions in which the chains as a whole are under
θ-solvent conditions (filled blue triangles in Fig. 6) are
discussed.
B. Dependence on solvent quality parameter and
sticker strength
Within the framework of scaling theory [21], the de-
grees of intra and inter-chain conversion depend expo-
nentially on an effective associating energy ˜a, which is
a combination of the interaction energy between stickers,
st, and the Flory-Huggins interaction energy between
monomer and solvent molecules on adjacent lattice sites,
ps. This dependence has been represented here in Ta-
ble I by the function gss, which in the context of the scal-
ing theory, can be chosen independently from the spacer
segment length `. As discussed in more detail in this sub-
section, the situation is more subtle in the model adopted
in the present work, since the solvent is treated implicitly.
Defining the quantities,
α =
ν θ2
3ν − 1 , and β = ν(3 + θ2),
the scaling relations for the ratios involving intra and
inter-chain degrees of conversion given in Table I can be
represented by the following common expressions in both
Regimes I and II,
p1(1− p1/2)
(1− p)2 `
βi τˆ2βi−3 ∼ gss ; i = 1, 2
p2
(1− p)2 ` τˆ
α c−(1+α) ∼ gss
(17)
where β1 = β − (1/2) applies in Regime I, and β2 = β
applies in Regime II. Setting ν = 3/5 and θ2 = 1/3,
(a)
(b)
FIG. 7. Scaling of the ratios involving intra-chain and inter-
chain degrees of conversion as a function of sticker strength,
st, for systems in (a) Regime I and (b) Regime II. Symbols
represent results of simulations, while the lines are drawn to
guide the eye.
gives α = 1/4 and β = 2, and leads to the recovery of
the simplified relations displayed in Table I (b), for these
two scaling regimes. The representation of the scaling
relations in the forms given in Eqs. (17), focusses at-
tention on the function of effective sticker strength, gss.
According to scaling theory [21], for fixed values of back-
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` bb A B
6 0.0 4.65 0.76
4 0.3 6.17 0.70
6 0.35 5.07 0.72
TABLE III. Values of the functions A(bb, `) and B(bb, `)
in Eq. (18), for different spacer lengths, `, and backbone
monomer interaction strengths, bb, determined from fitting
data from simulations carried out in scaling regimes I and II.
bone solvent quality parameter τˆ (or equivalently, bb),
and spacer length `, the ratios involving intra and inter-
chain degrees of conversion should depend exponentially
on st. This expectation is clearly fulfilled in both the
scaling regimes, as can be seen in Figs. 7, for the partic-
ular parameter values that have been examined here.
As exemplified by the schematic representation in
Fig. 1, the effective interaction energy between stickers,
which determines the conformations of polymer chains
in a sticky polymer solution, is a complex function of
st, bb, and `. As a consequence, in the present model,
where the solvent is treated implicitly, the function gss
depends on all three of these variables, and in general
cannot be varied independently of spacer length `. Here
the form, gss = A(bb, `) exp [B(bb, `) st] is proposed,
which accounts for the expected dependence. The func-
tions A(bb, `) and B(bb, `) can be determined by fitting
simulation data. Since both the ratios involving intra
and inter-chain degrees of conversion have the same de-
pendence on gss, they can be combined to maximise the
data available for the purpose of fitting,
p1(1− p1/2)
(1− p)2 `
βi τˆ2βi−3 +
p2
(1− p)2 ` τˆ
α c−(1+α)
= 2A(bb, `) exp [B(bb, `) st] (18)
Values of the functions A and B obtained in this manner,
for the various choices of bb and ` used here, are displayed
in Table III.
Simulations carried out for the case where backbone
monomers are under θ-solvent conditions indicate that
the function gss is not the same for the ratios involving
intra and inter-chain degrees of conversion, and that they
cannot be combined together, as was done in Eq. (18) for
backbone monomers under good solvent conditions. The
scaling relations for the two ratios in the θ-solvent case,
displayed in the first row of Table I (b), can be recovered
from Eqs. (17) by setting βi = 3/2 and α = 0. Using
A1(bb, `) and B1(bb, `) to denote the functions occurring
in the fit to the function gss for the ratio involving p1, and
similarly, A2(bb, `) and B2(bb, `) for the ratio involving
p2, their estimated values are given in Table IV.
Interestingly, as mentioned earlier, for the case when
bb = 0 (which is the value used here to simulate the good
solvent conditions corresponding to Regimes II and III),
` bb A1 B1 A2 B2
4 0.45 0.673 0.638 5.25 0.781
4 no EV 1.614 0.611 9.672 0.693
6 0.45 0.369 0.797 3.477 0.879
6 no EV 1.06 0.73 5.44 0.87
TABLE IV. Values of the functions A1(bb, `) and A2(bb, `),
and B1(bb, `) and B2bb, `), for different spacer lengths, `,
determined from fitting data from simulations carried out
for backbone monomers under θ-solvent conditions. The
two approaches correspond to using the SDK potential with
bb = θ = 0.45, and ghost chains with no excluded volume
interactions.
FIG. 8. Scaling of the sum of the ratios involving intra-chain
and inter-chain association fractions (see Eq. (18)) as a func-
tion of sticker strength, st, for two systems with ` = 6, f = 4
and ` = 4, f = 6 for bb = 0, at c/c∗ = 1.4. The symbols are
the simulation data and the solid line is an exponential fit to
the data. Note that for Regime II depicted here, α = 1/4 and
β = 2.
it can be seen from Fig. 8 that the function gss appears
to be independent of spacer length `. This lack of depen-
dence is responsible for the collapse of data for different
values of ` shown in Figs. 3 (a) and (b) for Regime II, and
Figs. 5 (a) and (b) for Regime III, while the dependence
of gss on ` in Regime I, and for backbone monomers un-
der θ-solvent conditions, implies that a similar collapse
cannot be considered for these cases.
The validation of the scaling relations displayed in Ta-
ble I (b) for the ratios involving p1 and p2, in terms
of all the relevant scaling variables, for (i) backbone
monomers under good solvent conditions corresponding
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FIG. 9. Master plots demonstrating validation of scaling relations for, (i) the ratio involving the intra-chain degree of conversion
p1, in (a) Regimes I and II, and (b) θ-solvent conditions for backbone monomers, and, (ii) the ratio involving the inter-chain
degree of conversion p2, in (c) Regimes I and II, and (d) θ-solvent conditions for backbone monomers, plotted as a function
of monomer concentration, c, for different spacer segment lengths `, sticker strengths, st, and solution temperatures, τˆ . The
exponent α = 1/4. The dashed and the solid lines are drawn with slopes equal to the prediction by scaling theory, while
symbols represent simulation data.
to Regimes I and II, and (ii) backbone monomers under
θ-solvent conditions, is demonstrated in the respective
subfigures of Fig. 9. It is clear that when the dependence
of the effective sticker strength on the spacer length `
is taken into account, then all the simulation data can
be collapsed onto master plots for the dependence of the
ratios involving p1 and p2 on monomer concentration c.
Note that even though Eq. (17) indicates that the ra-
tio p1(1− p1/2)/(1− p)2 depends on τˆ in Regime II, the
choice bb = 0 implies that τˆ = 1, and consequently it
does not appear on the y-axis label in Fig. 9 (a). Nev-
ertheless, the difference in the value of this ratio for
Regimes I and II can be attributed to the pre-factor to
the solvent quality parameter τˆ , which appears in the
scaling relation for Regime II, but does not appear in the
relation for Regime I.
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FIG. 10. The dependence of ratios involving (a) intra-chain, and (b) inter-chain degrees of conversion, on the monomer
concentration, c, with sticky polymer chains under nearly θ-solvent conditions for sticky chains as a whole. This is achieved,
for a chain with Nb = 34, ` = 6, f = 4, and bb = 0.35, by setting st = 3.6, which is close to the value θst = 3.4 computed
for these parameter values. The dashed and the solid lines are drawn with slopes that are a good fit to the symbols, which
represent simulation data.
C. θ-solvent conditions for sticky polymer chains
The scaling relations listed in Table I have all been
derived by considering the quality of the solvent relative
to backbone monomers on the sticky polymer chain [21],
with the spacer length between stickers and the monomer
concentration determining the particular scaling regime
that is relevant. In this section, we briefly consider a sit-
uation that has not been not treated so far within the
framework of scaling theory, namely, one in which the
sticky polymer chain as a whole is under θ-solvent con-
ditions. As discussed in section IIC, θ-solvent conditions
for a sticky polymer chain can be realised by setting st
equal to the corresponding value of θst, for the given val-
ues of bb and `.
The dependence of the ratios involving p1 and p2 on
c, for a system in which the sticky polymer chains as a
whole are under nearly θ-solvent conditions, is displayed
in Figs. 10 (a) and (b), respectively, for a chain with
Nb = 34, ` = 6, f = 4, and bb = 0.35. For these
parameter values, it can be shown that θst = 3.4. The
simulation results reported in Figs. 10 were carried with
st = 3.6, which is close to the value required to achieve
θ-solvent conditions.
It is clear from the figures that the observed depen-
dence on monomer concentration of the intra and inter-
chain association fractions is unlike that seen in any of
the scaling regimes studied previously. Both association
fractions exhibit a change in scaling behaviour around
c/c∗ ≈ 2. The ratio involving p1 has weak dependence
on concentration until this crossover value, at which point
the dependence grows stronger. In all the previously
studied scaling regimes, this ratio was seen to indepen-
dent of concentration. In the case of the ratio involving
p2, the scaling with concentration changes from that ob-
served for chains whose backbone monomers are under
θ-solvent conditions (i.e., with a linear slope) to that ob-
served for chains whose backbone monomers are under
good solvent conditions in all of the three corresponding
scaling regimes (i.e., with a slope = 1.25).
It is instructive to study the dependence on concen-
tration of both the degrees of conversion in conjunction
with the variation with c/c∗ of the radius of gyration
ratio, R2g/R2g0HP , displayed in Fig. 6 (filled blue right
triangles). For a homopolymer solution under θ-solvent
conditions, this ratio is constant, independent of concen-
tration, since there is no Flory screening. In the case
of the sticky polymer chains under θ-solvent conditions
considered here, the radius of gyration ratio appears to
be a weak function of concentration. The ratio increases
gradually, presumably due to a reduction in the intra-
chain association fraction p1, followed by a slow decrease
beyond the threshold value of c/c∗ ≈ 2, which coincides
with the value at which the change in concentration de-
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FIG. 11. The transient variation of (a) the intra-chain, and (b) the inter-chain association fractions, for two different concen-
trations, and the time evolution of the radius of gyration at the scaled concentrations, (c) c/c∗ = 0.2, and (d) c/c∗ = 0.4.
Simulations with and without hydrodynamic interactions (HI) have been displayed for both properties, with the former car-
ried out with the hydrodynamic interaction parameter, h∗ = 0.2. The dashed vertical lines indicate the time required for
equilibration. The choice of simulation parameters leads to a sticky polymer solution in scaling regime II.
pendence is observed for the ratios involving p1 and p2
in Figs. 10. In particular, the latter ratio changes from
θ-solvent to good solvent scaling, as would be expected
with the onset of Flory screening.
The special case considered in this section has not been
investigated further. Nevertheless, the preliminary re-
sults reported here clearly indicate that the scaling be-
haviour of the intra and inter-chain association fractions
is intimately connected to the underlying conformations
of the sticky polymer chains.
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D. Hydrodynamic interactions and time to
equilibration
While hydrodynamic interactions have no effect on
equilibrium static properties, they do, nevertheless, play
a role in determining the timescale over which equilibra-
tion is achieved. In the present work, their influence on
the time taken by the intra and inter-chain association
fractions, and the radius of gyration, to reach their re-
spective stationary values, has been examined. Recall
that prior to sampling the equilibrium data, a typical
simulation involves two equilibration steps. In the first,
a run of about 3 to 4 Rouse relaxation times is carried
out for a system of chains with only backbone monomers
and no stickers. In the second step, stickers are intro-
duced and a further run of about 5 to 8 Rouse relaxation
times is carried out. For the results discussed in this sec-
tion, hydrodynamic interactions are switched on at the
end of the first step, simultaneously with the introduc-
tion of stickers. The transient trajectories during the
second equilibration step are sampled in order to study
the influence of hydrodynamic interactions.
The transient variation of the intra and inter-chain as-
sociation fractions are shown in Figs. 11 (a) and (b), re-
spectively, for two different scaled concentrations, c/c∗ =
0.2 and c/c∗ = 0.4, and the time evolution of the radius
of gyration at the same two values of concentration, are
shown in Figs. 11 (c) and (d), respectively. The simula-
tion parameters are such that, within the framework of
scaling theory, the system lies in Regime II. For both the
degrees of conversion and the radius of gyration, simula-
tions with and without hydrodynamic interactions have
been displayed. Since both are static properties, their
equilibrium values are unaffected by hydrodynamic in-
teractions, and as can be clearly observed in Figs. 11,
this is indeed the case, with the results of simulations
with and without hydrodynamic interactions being iden-
tical at sufficiently long times, when the systems have
equilibrated.
Interestingly, it appears from Fig. 11 (a) and (b), that
both p1 and p2 are unaffected by hydrodynamic interac-
tions for the entire period of observation, from the mo-
ment the stickers are turned on to the time at which
equilibration is achieved (denoted by the dashed vertical
lines). Both the degrees of conversion are seen to increase
with increasing concentration. On the other hand, while
the time to equilibration for p1 is the same at c/c∗ = 0.2
and c/c∗ = 0.4, it takes longer for p2 to equilibrate at
the higher concentration. It is worth noting that for the
sticker strength examined here, the time required for the
equilibration of p1 and p2, which is a reflection of the dif-
fusive timescale for stickers to find each other in space, is
significantly shorter than the time required for the equi-
libration of the radius of gyration, which is a property of
the chain as a whole.
In contrast to their lack of influence on the degrees
of conversion, hydrodynamic interactions appear to have
a pronounced influence on the time needed for the ra-
dius of gyration to equilibrate at c/c∗ = 0.2. As can be
seen from the two trajectories in Fig. 11 (c) that corre-
spond to simulations with (green squares) and without
hydrodynamic interactions (purple circles), a stationary
state is reached by a non-dimensional time, t/λH ≈ 400,
in the former case, while it requires nearly double the
time, t/λH ≈ 800, in the latter case. At the higher
value of scaled concentration, c/c∗ = 0.4, however, even
though the transient trajectories are different, both simu-
lations with and without hydrodynamic interactions ap-
pear to reach a stationary state by a non-dimensional
time, t/λH ≈ 650 (see inset to Fig. 11 (d)). This suggests
that the influence of hydrodynamic interactions decreases
with increasing concentration, as may be expected with
the onset of screening in unentangled semidilute solu-
tions. As will be seen subsequently, the value of the
scaled concentration, c/c∗ = 0.2, corresponds to a system
in the sol phase, while according to at least one of the sig-
natures of gelation considered here, the value c/c∗ = 0.4,
corresponds to a system in the gel phase. As a con-
sequence, we may expect that dynamic properties such
as relaxation times in the sol phase will be significantly
affected by the presence of hydrodynamic interactions.
A detailed study of the dynamics of sticky polymer solu-
tions, using the present simulation algorithm, is however,
outside the scope of the present study.
VI. CHARACTERISATION OF GELATION
AND THE GELATION LINE
The mean-field theoretical framework has been used by
Semenov and Rubinstein [20] and Dobrynin [21] to map
out the phase diagram of associative polymer solutions
in the temperature-concentration plane, and within the
phase diagram, to identify different domains in the sin-
gle phase sol and gel states, along with the two phase
region. Essential to the demarcation of the different
phase boundaries in these theories, is the use of the Flory-
Stockmayer expression, Eq. (1), that relates the fraction
of inter-chain associations p2 at the sol-gel transition, to
the number of stickers f on a chain. In particular, sub-
stituting Eq. (1) into the expression for p2 in Eqs.(17),
leads to the following expression for the dependence of
the monomer concentration, cg, along the gelation line
that separates the sol and gel states, on all the system
parameters,
cg ∼
 τˆ νθ2(3ν−1) `
(f − 1)(1− pg)2gss

3ν−1
ν(3+θ2)−1
(19)
Here, pg is the total fraction of associated stickers at the
sol-gel transition. Clearly, both Eq. (1) and Eq. (19) are
testable elements of the scaling theory, which have not
been examined so far by molecular simulations. In this
work, we examine the validity of Eqs. (1) and (19) in a
limited way, i.e., we confine our attention to determining
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FIG. 12. Spanning probability (SP) as a function of monomer concentration in Regime II for (a) Nb = 24, ` = 4, f = 4 and (b)
Nb = 34, ` = 4, f = 6, with sticker strength, st = 5.0. The point of divergence of the curves at different box sizes is assumed
to represent the concentration at the gelation threshold, and is indicated as occuring at cg1/c
∗ ≈ 0.3.
the dependence of p2 on f , and the variation of cg along
the gelation line, for fixed values of the solvent quality
parameter τˆ and sticker strength st, in the special case
where the backbone monomers are in good solvent condi-
tions corresponding to scaling regime II. Additionally, we
examine the dependence of pg on `, and on f , in order to
eliminate it from Eq. (19), and as a consequence, obtain
the dependence of cg on just the sticky chain properties,
` and f .
In order to verify if the prediction of the gelation line
by scaling theory is accurate, it is first necessary to locate
the concentration at which the sol-gel transition occurs.
As mentioned in section I, there are at least three dif-
ferent approaches in the literature with regards to this
question, and here we examine each of them in turn.
From a geometric perspective, the inception of gelation
can be defined as the monomer concentration at which
a system spanning network occurs [83, 97, 98]. The con-
centration at which such a percolation transition occurs,
denoted here by cg1 , can be determined by calculating
the probability of finding a cluster of chains that spans
the simulation box, and estimating how this probabil-
ity changes with changing concentration. The so-called
spanning probability is computed here by identifying the
chains that belong to a cluster from the chain connec-
tivity matrix, and comparing the maximum span of the
cluster with the box size, L. If the span of a cluster
of chains along any direction is greater than or equal to
the box size, the cluster is identified as system spanning.
The spanning probability is computed over an ensemble
of 64 to 128 independent trajectories, where each trajec-
tory consists of a set of data collected at an interval of
1000 to 5000 non-dimensional time steps over the entire
production run. For an infinitely large simulation box,
the probability of finding a cluster that spans the entire
box, at a low monomer concentration below the gelation
threshold, is essentially zero. With increasing concen-
tration, the spanning probability is expected to undergo
a sharp transition at the monomer concentration that
corresponds to the percolation transition, and instantly
attain a value of one. For a finite box size, however, the
variation of spanning probability with concentration is
expected to be more gradual, since even at low concen-
trations, there is a finite probability of finding a system
spanning cluster. In this case, the gelation threshold can
be determined by computing the spanning probability for
a number of systematically increasing box sizes. It is ex-
pected that if the studied systems are large enough, their
spanning probability curves will intersect at a common
point, which represents an accurate estimate of the perco-
lation threshold [97, 99]. Here, simulations have been car-
ried out for three different box sizes, and in each case, the
spanning probability (SP) has been computed as a func-
tion of monomer concentration, as displayed in Fig. 12.
Rather than each box size leading to a distinctive span-
ning probability curve, which intersect at a unique point,
it is observed that at low concentrations, the curves for
different box sizes overlap within error bars, probably as
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FIG. 13. Chain cluster-size distribution as a function of monomer concentration in Regime II for (a) Nb = 24, ` = 4, f = 4,
and (b) Nb = 34, ` = 4, f = 6, with sticker strength, st = 5.0. The onset of bimodality, which is assumed to represent a
signature of gelation, occurs at cg2/c
∗ ≈ 1.0, for each of the three chain lengths.
a result of insufficiently long chains and the box sizes not
being large enough. Beyond a certain scaled concentra-
tion, however, the curves are seen to separate and di-
verge. The location of this change in behaviour has been
identified here as the concentration at which percolation
transition occurs. The value of the scaled concentration,
cg1/c
∗ ≈ 0.3, is found to be independent of chain length,
for systems with a fixed spacer length `, sticker strength
st, and backbone monomer solvent quality bb, as can be
seen in Fig. 12.
In associative polymer solutions, the existence of ge-
ometric percolation does not necessarily imply the exis-
tence of a persistent network since the bonds between
stickers are weak and reversible [22, 100]. As mentioned
earlier, an alternative approach [22, 100] identifies the
occurrence of an incipient gel in sticky polymer solu-
tions with the onset of bimodality in the chain-cluster
size distribution, P (m), where m is the number of chains
in a cluster. Fig. 13 displays P (m) computed here at
different monomer concentrations, for two different val-
ues of chain length Nb, at the specified values of `, st
and bb. The plots suggest that the distribution func-
tion decreases monotonically with increasing m at low
monomer concentrations, but becomes bimodal with in-
creasing concentration. The occurrence of a peak at a
large cluster size is considered to be correlated with the
existence of percolating chain-clusters. Here, the concen-
tration at which the slope of P (m) versusm first becomes
positive, at some value of m, is considered to be the lo-
cation of the sol-gel transition, and is denoted by cg2 .
For the given parameter values, the onset of bimodality
is found to occur at cg2/c∗ ≈ 1.0, which is significantly
higher than cg1/c∗, the location of the percolation tran-
sition. The value of the gelation concentration, cg2/c∗, is
found to be independent of chain length, as in the case of
cg1/c
∗. It is apparent from Fig. 12 that as the monomer
concentration approaches cg2/c∗, the spanning probabil-
ity tends to unity, suggesting that, at this concentration,
there is a significant increase in the probability of find-
ing a cluster with size sufficiently large to span the entire
system.
The third and final signature of gelation considered
here is the proposal by Semenov and Rubinstein [20] that
the maxima in the free chain concentration coincides with
the sol-gel transition. Recall that this assumption is the
basis for their derivation of Eq. (1). Figure 14 is a plot of
the free chain concentration versus monomer concentra-
tion, for various values of chain length Nb, at the speci-
fied values of `, st and bb. Free chains, i.e., those with
no inter-chain associations, are essentially chain clusters
with only one chain in them, and can consequently be
identified with the help of the same cluster computation
algorithm used here for determining the other two signa-
tures of gelation. The value of the concentration corre-
sponding to the maximum for each symbol set in Fig. 14,
denoted here by cg3 , is established by fitting a parabola
to the data close to the maxima, and finding the location
at which the slope is zero. We find that cg3/c∗ ≈ 0.5,
which lies between the two scaled concentrations, cg1/c∗
and cg2/c∗, the locations of the sol-gel transition from
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FIG. 14. Free chain concentration as a function of monomer
concentration in Regime II for different chain lengths with
spacer length, ` = 4, sticker strength, st = 5.0 and bb = 0.
The maxima in the free-chain concentration is observed at
cg3/c
∗ ≈ 0.5.
the two approaches discussed previously. As is clear from
Fig. 14, consistent with the observations for cg1/c∗ and
cg2/c
∗, the scaled concentration cg3/c∗, is also indepen-
dent of chain length. The fact that cg3/c∗ > cg1/c∗
implies that, even after a system spanning network is
formed, new chains added to the system join the sol-
phase for a range of concentrations, before joining the
gel-phase.
Parenthetically, it would be interesting to examine if
any of the three estimates of the sol-gel transition con-
centration determined here coincides with that identified
through rheological experiments [25–27], or if the lat-
ter turns out to be an entirely different concentration.
Addressing this question satisfactorily would require the
incorporation of hydrodynamic interactions, in order for
the dynamics of sticky polymer solutions to be captured
accurately.
Having determined the location of the sol-gel transi-
tion, it becomes possible to verify the validity of the re-
sult given by the Flory-Stockmayer theory [23, 24] for the
dependence of the fraction of inter-chain associated stick-
ers on the number of stickers on a chain. In other words,
we can check if the dependence of pgi2 on f obeys Eq. (1),
where gi = g1, g2, g3, represents the three signatures of
gelation. It is clear from Fig. 15 that, while all the three
signatures of gelation lead to the same dependence, con-
trary to Flory-Stockmayer theory, pgi2 does not scale as
(f − 1)−1, but rather as √(f − 1)−1. Admittedly, this
result has been obtained here for a fairly small range of
FIG. 15. Scaling of inter-chain degree of conversion, p2, with
the number of stickers per chain, f , for systems with different
chain lengths Nb, and spacer lengths `, for the three different
signatures of gelation in Regime II. The sticker strength and
backbone solvent quality are kept constant at st = 5.0 and
bb = 0, respectively. Each symbol shape represents a partic-
ular approach to determining the sol-gel transition, while the
colour represents different values of Nb.
values of f , and requires validation for longer chains with
more stickers on them. Nevertheless, the similarity of the
dependence across all the three approaches to determin-
ing the sol-gel transition is striking. It is worth noting
that for a constant value of f , as shown in Fig. 15, pgi2
is independent of `, since data corresponding to different
values of ` overlap for systems with f = 4. The obvious
difference between the Flory-Stockmayer theory [23, 24]
and the present work is the assumption underlying the
former that no loops are formed, and that the gel net-
work is a treelike structure. A careful investigation of the
reasons behind the scaling observed for the more general
networks that form under the conditions considered here,
is clearly a worthwhile goal for future work suggested by
the current results.
Since the derivation of the expression given in Eq. (19)
for the gelation line was based on assuming the validity
of Eq. (1), it will clearly not be validated by simula-
tions. Rather than substituting pgi2 ∼ (f − 1)−1 into the
equation for p2 in Eqs.(17), the correct expression is ob-
tained by substituting pgi2 ∼
√
(f − 1)−1, which will be
discussed shortly below. As mentioned earlier, the verifi-
cation of the expression for the gelation line is examined
here for the restricted case of constant τˆ and st. Since
the location of the sol-gel transition is known, it is also
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FIG. 16. Scaling of the total fraction of associated stickers,
pgi , for the three different signatures of gelation, with (a) the
number of stickers per chain, f , and (b) the spacer length, `,
in Regime II.
possible to determine the scaling of pg (the total fraction
of associated stickers), with f and `, and thereby elimi-
nate it from the expression for cg. Figure 16 (a) clearly
indicates that (1 − pgi)2 is independent of f for all the
three different signatures of gelation, while Fig. 16 (b)
implies that (1 − pgi)2 scales linearly with ` in all three
cases. Combining these results with the form of the scal-
ing relation for p2 with f suggested by Fig. 15, leads
FIG. 17. Gelation concentration, cgi , as a function of the
number of stickers in a chain (see Eq. (20), for the three dif-
ferent signatures of gelation in Regime II. The sticker strength
and backbone solvent quality are kept constant at st = 5.0
and bb = 0, respectively. Each symbol shape represents a par-
ticular approach to determining the sol-gel transition, while
the colour represents different values of Nb.
to the following expression in place of Eq. (19), for the
monomer concentration along the gelation line,
cgi ∼
 τˆ νθ2(3ν−1)
gss
√
(f − 1)

3ν−1
ν(3+θ2)−1
∼
√
(f − 1) −
4
5 (20)
where the assumptions of constant τˆ and st, and the val-
ues, ν = 3/5 and θ2 = 1/3, have been used to derive the
second expression. It is clear from Fig. 17, that simula-
tions validate the revised expression for the gelation line,
Eq. (20), for all the three different signatures of gelation.
The overlapping of data corresponding to different values
of `, for systems with f = 4, also demonstrates the in-
dependence of cgi from the number of spacer monomers
between two stickers. It is undoubtedly desirable to ver-
ify experimentally both the general and restricted forms
of the dependence of cgi on system parameters, given in
Eq. (20), as it would simultaneously permit an evalua-
tion of the correctness of the scaling of p2 with f , and
the correct value of the des Cloizeaux exponent θ2.
VII. PHASE SEPARATION AND THE
BREAKDOWN OF SCALING
A solution of sufficiently long polymers under poor
solvent conditions will phase separate with increasing
monomer concentration. This applies both to homopoly-
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FIG. 18. (a) Rescaled inter-chain degree of association as a function of monomer concentration, with backbone monomers
under θ-solvent conditions. Inset is a plot of the ratio versus c/c∗, for the case Nb = 24. Two different models have been used
to simulate the θ-solvent conditions for the backbone. The solid lines are drawn with slopes equal to the prediction by scaling
theory, while symbols represent simulation data. (b) and (c) Snapshots from the simulations for systems with Nb = 24, ` = 4
and st = 5.0, at concentrations c/c∗ = 0.3, and c/c∗ = 1.0, respectively. The purple coloured beads belong to chains that are
all a part of a single cluster, while the colour grey is used to represent beads in chains that do not belong to this cluster.
mer solutions [3], and to sticky polymer solutions [21].
In the case of the latter, as discussed earlier, even if
the spacer monomers on a sticky polymer chain are un-
der θ-solvent conditions, the chain as a whole will be
under poor solvent conditions due to the affinity of the
stickers for one another. We have previously shown that
simulation results validate the predictions of scaling the-
ory for this special class of sticky polymers, as displayed
in Figs. 3 for a range of concentrations. The plot of
the ratio
[
p2/(1− p2)
]
is reproduced in Fig. 18 (a), but
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FIG. 19. (a) Rescaled inter-chain degree of association as a function of monomer concentration, with backbone monomers
under good solvent conditions corresponding to scaling regime II. The solid line is drawn with slope equal to the prediction by
scaling theory, while symbols represent simulation data. (b) Snapshot from the simulations for systems with Nb = 34, ` = 4,
bb = 0, and st = 5.0, at concentration c/c∗ = 1.6. Beads coloured purple are from chains that are all a part of the same
system spanning cluster, while the grey coloured beads belong to chains that are not part of this cluster.
this time at higher concentrations than shown previously.
It is very clear that for sufficiently high concentrations,
simulation data departs from the linear line representing
the prediction of scaling theory, for both the approaches
pursued here to simulate backbone monomers under θ-
solvent conditions. It seems likely that the breakdown of
scaling theory coincides with the occurrence of phase sep-
aration, as indicated in the snapshots from simulations
displayed in Figs. 18 (b) and (c).
These figures represent snapshots of a system with
Nb = 24, ` = 4, and st = 5.0, under θ-solvent conditions
for backbone monomers, at two different concentrations,
c/c∗ = 0.3 and c/c∗ = 1.0. The purple coloured beads
belong to chains that are all a part of the same cluster.
The grey coloured beads belong to chains that are not
part of the cluster represented by the purple beads. At
the relatively low concentration of c/c∗ = 0.3, Fig. 18 (b)
appears to suggest that there exist only small sized clus-
ters, containing only a few chains, that are fairly homo-
geneously dispersed in the simulation cell. With increas-
ing concentration, more free chains combine with existing
clusters, along with the combination of clusters them-
selves, to give rise to increased cluster sizes, with more
constituent chains in each cluster. At sufficiently high
concentrations, such as at c/c∗ = 1.0, the snapshot dis-
played in Fig. 18 (c) suggests that most of the chains have
clumped together to form a single large cluster. Note that
since the simulation box has periodic images in the three
coordinate directions, all the purple beads representing
the single cluster are in fact in the neighbourhood of each
of the corners of the box. The aggregation of chains in
the cluster does not span the system homogeneously, sug-
gesting that the solution has phase separated at some
concentration, 0.3 < c/c∗ < 1.0, which is the range in
which the scaling theory also breaks down.
The situation is very different for a sticky polymer sys-
tem in which the chains have backbone monomers under
very good solvent conditions. Under these circumstances,
as indicated schematically in Fig. 1, the sticker strength
θst required for the sticky chain as a whole to be under
θ-solvent conditions keeps increasing as bb → 0. The sol-
vent quality for the sticky chain as a whole remains good
in spite of the presence of stickers, and phase separation
does not occur with increasing monomer concentration.
As a consequence, it can be anticipated that unlike for
chains with backbone monomers under θ-solvent condi-
tions, scaling predictions will remain valid even at high
concentrations. This has already been commented upon
in the context of Fig. 3 in section VA1, where it was
pointed out the scaling relations remained valid even af-
ter the system is well into the gel phase. These observa-
tions are confirmed in Figs. 19, where in subfigure (a) it
can be seen that the ratio involving the inter-chain degree
of association scales with monomer concentration accord-
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ing to the prediction of scaling theory even at the highest
concentrations examined here, while subfigure (b) indi-
cates that at the scaled concentration c/c∗ = 1.6, there
exists a system spanning cluster, and that the chains are
distributed homogeneously across the system, with no
sign of phase separation.
VIII. SUMMARY AND CONCLUSIONS
A multi-particle Brownian dynamics simulation al-
gorithm, with hydrodynamic interactions incorporated,
which was formerly developed to describe semidilute
polymer solutions [57], has been extended to describe
associative polymer solutions. Pairwise interactions be-
tween monomers that are on the chain backbone and be-
tween the stickers themselves, have been described with
the SDK potential [28, 29], which has advantages com-
pared to other excluded volume potentials.
The main static properties that have been evaluated
here are the intra-chain and inter-chain degrees of con-
version p1 and p2, respectively, and their dependence on
system parameters such as the length of the chain, Nb,
the number of stickers on a chain f , the distance between
two stickers, `, the solvent quality parameter, τˆ , and the
monomer concentration, c.
Comparisons have been carried out with the predic-
tions of a lattice-based mean-field theory [21] for ratios
involving p1, p2, and the total fraction of associated stick-
ers p. The scaling theory identifies different regimes of
behaviour depending on the quality of the solvent for the
backbone monomers, the monomer concentration, and
the density of stickers on a chain. The use of the SDK
potential allows a careful choice of parameter values such
that simulations can be used to explore each of the differ-
ent scaling regimes. The cluster computation algorithm
of Sevick et al. [93] enables the calculation of the degrees
of conversion, and the distribution of chain cluster sizes,
along with their spatial extent.
The scaling theory of Dobrynin [21] identifies two
broad categories of behaviour based on whether the back-
bone monomers are under θ or good solvent conditions.
The latter category is further divided into three regimes
depending on the relative magnitude of the spacer seg-
ment, `, the number of monomers in a thermal blob, gT ,
and the number of monomers in a correlation blob, gc. In
Regime I, ` < gT < gc, while in Regime II, gT < ` < gc,
and in Regime III, gT < gc < `.
Simulation results are shown to validate the predic-
tions of Dobrynin’s mean-field theory [21], across a
wide range of parameter values, in the following scal-
ing regimes: (i) for backbone monomers under θ-solvent
conditions, and (ii) for backbone monomers under good
solvent conditions in Regimes I and II. While simulation
results collapse onto master plots in Regime III as well,
the observed dependence on ` and c is different from that
predicted by scaling theory. An important conclusion of
this study is that the value of the des Cloizeaux expo-
nent [88, 91, 92] proposed by Dobrynin [21], θ2 = 1/3,
is accurate since it enables a collapse of the simulation
data for all the scaling relations considered here.
The characterisation of gelation in these systems has
also been examined. Three different signatures of gela-
tion are identified: (i) the concentration cg1 at which an
incipient system-spanning network occurs, (ii) the con-
centration threshold cg2 at which the probability dis-
tribution of chain sizes becomes bimodal, and (iii) the
monomer concentration cg3 at which there is a maximum
in the free-chain concentration. Each of these three dif-
ferent sol-gel transition signatures is found to occur at a
different concentration. The identification of the concen-
tration at the sol-gel transition enables a verification of
the Flory-Stockmayer expression [23, 24], which relates
the degree of inter-chain conversion p2 to the number of
stickers on a chain, f . It is found that simulation sug-
gest that p2 ∼
√
(f − 1) −1, rather than p2 ∼ (f − 1)−1,
suggested by the Flory-Stockmayer theory.
The only aspect of the phase behaviour of associa-
tive polymer solutions examined here is the gelation line,
which separates the sol and gel phases. In this case as
well, attention is restricted to the situation where the sol-
vent quality and sticker strength are constant, and the
sticky chain is in scaling regime II. This simplification
leads to an expression for the dependence of the con-
centrations at gelation, cgi ; i = 1, 2, 3, on the number of
stickers on a chain. Simulation results confirm the predic-
tion of scaling theory once the revised Flory-Stockmayer
expression p2 ∼
√
(f − 1) −1 is used. This is an exper-
imentally testable prediction of scaling theory and sim-
ulations — both of the des Cloizeaux exponent and the
Flory-Stockmayer expression.
Finally, it is shown that phase separation occurs with
increasing concentration for systems in which the back-
bone monomers are under θ-solvent conditions. Cu-
riously, the predictions of scaling theory are found to
breakdown in the same range of concentrations in which
phase separation is observed. On the other hand, for
backbone monomer in good solvent conditions, there is no
phase separation for the concentrations examined here,
and scaling theory remains valid in both the sol and gel
phases.
The success of the framework for the description of as-
sociative polymer solutions developed here in describing
the predictions of static properties by scaling theory gives
confidence that it can also be used to describe the equi-
librium dynamics and the rheological behaviour of these
solutions.
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